Fiber reinforced materials (FRMs) can be modeled as bi-phasic materials, where different constitutive behaviors are associated with different phases. The numerical study of FRMs through a full geometrical resolution of the two phases is often computationally infeasible, and therefore most works on the subject resort to homogenization theory, and exploit strong regularity assumptions on the fibers distribution. Both approaches fall short in intermediate regimes where lack of regularity does not justify a homogenized approach, and when the fiber geometry or their numerosity render the fully resolved problem numerically intractable.
Introduction
Numerous engineering applications require the efficient solution of partial differential equations involving multiple, complex geometries on different phases; composite materials are the prototypical example of such problems. During the past fifty years, the interest fibers, and one describing the whole domain, i.e., both the elastic matrix and the fibers. A distributed Lagrange multiplier is used to couple the independent grids, following the same spirit of the finite element immersed boundary method [8, 10] , separating the Cauchy stress of the whole material into a background uniform behavior and a excess elastic behavior on the fibers. Section 2 introduces the classical fully resolved model of a collection of fibers immersed in an elastic matrix. For simplicity, we do not include dissipative terms, and restrict our study to linearly elastic materials. The problem is then reformulated exploiting classical results of mixed methods (see Chapter 4 of [7] ), following ideas similar to those found in [9] , proving that both the continuous and discrete formulations we propose are well-posed with a unique solution.
The use of a full three dimensional model for the fibers still results in high computational costs; the obvious simplification would be to approximate the fibers with one-dimensional structures. This approach is non-trivial because it is not possible to consider the restriction of a Sobolev function defined on a three-dimensional domain to a one-dimensional domain. A possible solution involves the use of weighted Sobolev spaces, combinded with graded meshes [12, 11] but, if the number of fibers is large, graded meshes may still be too computationally intensive. In Section 3, we propose and analyze an alternative solution, where additional modellistic assumptions enable a 3D − 1D coupling that relies on local averaging techniques. A similar procedure is used in [22] to model vascularized tissues. To conclude, we validate our thin fiber model in Section 4, and draw some conclusions in Section 5.
Three-dimensional model
Many bi-phasic materials present a relatively simple fiber structure but result in a very intricate elastic matrix. Consider, for example, Figure 1 : constructing a discretization grid for the fibers themselves maybe simple enough, but building a fully resolved grid for the surrounding elastic matrix, in this case, may require eccessive resolution, and result in a computationally hard problem to solve. We wish to describe a new approach, where we substitute the complex mesh needed for the elastic matrix with a simple one describing the whole domain, and overlap the fiber structure independently with respect to the background grid, and couple the two systems via distributed Lagrange multipliers.
Problem formulation
As a model bi-phasic material, we consider a linearly elastic fiber reinforced material. To simplify the treatment of the problem, in this work we limit ourselves to the quasistatic small strain regime. The extension to finite strain elasticity and dynamic problems does not present additional difficulties and is going to be be the subject of a future work.
To describe the composite, we use a connected, bounded, Lipschitz domain Ω ⊂ R d of dimension d = 3, composed of a fiber phase Ω f ⊂ Ω, and an elastic matrixΩ := Ω \ Ω f ⊂ R d , which we assume to be a connected, Lipschitz domain. We describe each of the n f ∈ N fibers with a connected, Lipschitz domain and Ω f is obtained as the union of these (possibly overlapping) domains. Figure 1 : An example of a fiber structure for which the mesh generation for the fibers would be trivial, but the resulting three-dimensional elastic matrix would be much more expensive to resolve in full.
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Example of a two-dimensional section of an FRM with uniformly oriented fibers.
Remark. The results of this section hold for a general domain Ω f , union of multiple components with the required regularity. The property of the fibers of being thin, elongated, structures, is only needed for the model of Section 3, and plays no role in this Section.
Given a displacement field u : Ω → R d , representing a deformation from the equilibrium configuration, the corresponding stress tensor on Ω can be expressed using the stress-strain law [15] :
where C is a symmetric 4 th order tensor that takes the form:
Here C Ω and C f are assumed to be constant over their respective domains, and represent the elasticity tensors of the elastic matrix and of the fibers. The classical formulation of static linear elasticity can be thought of as a force balance equation (see, for example, [15] ): Problem 1 (Classic Strong Formulation). Given an external force density field b, find the displacement u such that
Due to the piecewise nature of C, it is natural to reformulate Problem 1 into a variational or weak formulation. We define the Sobolev space:
where the symbol · A represents the L 2 (A) norm over the measurable set A ⊂ Ω, and (·, ·) A represents the L 2 scalar product on the given domain A. The standard weak formulation reads:
The main idea behind our reformulation is to rewrite Problem 2 into an equivalent form, where we define two independent functional spaces. The novelty we introduce is to define the functional spaces on Ω and Ω f , and not onΩ and Ω f . To achieved this, we define two fictitious materials: one with the same properties of the elastic matrix, occupying the full space Ω, and one describing the "excess elasticity" of the fibers separately, defined on Ω f only. The first step in this direction is to split the left-hand side of Equation 3 on the two domains:
. For simplicity, we improperly use the expression "elastic matrix equation" and "fiber equation", even though they should be really considered as the "whole domain equation", and a "delta fiber equation".
This formal separation does not change the original variational problem, which can still be stated explicitly:
To simplify the coupling between the fibers and the elastic matrix, we need to split Equation 4 on two functional spaces, describing their boundary conditions.
The boundary of the domain Ω induces a natural splitting on the boundary of the fibers: we define the following partition of ∂Ω f :
where B i is the interface between the fibers and the elastic matrix, while B e is the interface between the fibers the exterior part of Ω, that lies on the boundary ∂Ω.
Next we define the restriction of H 1 0 (Ω) on the fibers:
With the explicit introduction of the space W we can modify Problem 2 by separating the solution into two components, one describing the whole matrix, the other describing the fibers. To couple the two parts we impose the following non-slip constraint for the solution (u, w) ∈ V × W :
The modified problem can be described as a constrained minimization problem:
where we defined the total elastic energy of the system as
To impose the non-slip constraint of Equation 8 in weak form, several choices are possible. One may use, for example, the scalar product of W , or the duality product W × W as in [9] . In this work, we use the
The constrained minimization expressed in Equation 9 is equivalent to the saddle point problem:
where the constraint is imposed weakly as in 11 with a Lagrange multiplier:
A solution to Equation 12 is obtained by solving the Euler-Lagrange equation:
that is:
or, equivalently,
where
2.2. Well-posedness, existence and uniqueness
The theory for saddle point structure problems is well known and can be found, for example, in [7] . To verify well-posedness, existence and unicity of the solution to such a problem, it is sufficient for certain inf − sup and ell − ker conditions to be satisfied.
To make our notation closer to the one used in [7] , we introduce the following Hilbert space, with its norm:
We indicate with u u u := (u, w), v v v := (v, y) the elements of V, and define the following bilinear forms:
Summing the first two equations of Problem 3 and using the newly defined space we can restate the problem as: find u u u ∈ V, λ ∈ Q such that
Following [7] , to state the inf − sup conditions we introduce the kernel
The problem is well-posed, and there exists a unique solution, if there exist two positive constants
These two conditions can be proved using the following Propositions:
Proposition 2.1. There exists a constant α 1 > 0 such that:
Proof. Using the definition of the norm in Q, and the density of W in Q, for every q ∈ Q:
where the last inequality can be proven fixing v = 0. For every v ∈ V we have v Ω f ∈ W , therefore:
The final statement is found dividing by q Ω f and taking the inf q∈Q .
Proposition 2.1 proves Inequality 20. To prove Inequality 21 additional hypotheses are needed:
Proposition 2.2. Assume C Ω and C f to be strongly elliptical, with constants c Ω and c f respectively such that c Ω > c f > 0; there exists a constant α 2 > 0 such that:
Proof. Using the hypotheses we can easily prove that δC f is elliptic of constant c f − c Ω . For every (u, w) ∈ ker(E):
Where we used the scalar product H 1 (Ω) := (u, v) Ω + (∇u, ∇v) Ω , and the analogous one for H 1 (Ω f ). The result is obtained dividing by (u, w) V and considering the inf (u,w)∈ker E .
Remark. This paper does not intend to focus on the choice of elastic tensors. Strong ellipticity is a common property among them, and holds in the case of linearly elastic materials (see e.g. [37] 
where µ δ := µ f − µ Ω and λ δ := λ f − λ Ω . These are the elastic tensors we shall use in Section 4, for our numerical tests.
Proposition 2.2 implies Inequality 21
, and we conclude that Problem 3 is well-posed, and has a unique solution.
Finite element discretization
The formulation of Problem 3 makes it possible to consider independent, separate triangulations for its numerical solution. Consider the family T h (Ω) of regular meshes in Ω, and a family T h (Ω f ) of regular meshes in Ω f , where we denote by h the maximum diameter of the elements of the two triangulations. We assume that no geometrical error is committed when meshing, i.e., Ω = T h ∈T h (Ω) T h , and Ω f = S h ∈T h (Ω f ) S h . We consider two independent finite element spaces V h ⊂ V , and W h ⊂ W , and we use for the space Q h the same space used for the discretisation of W h . By hypothesis, for every
however, the meshes are taken to be independent and non-matching, and we do not know a priori if
To handle the restriction of functions from V h to W h , we first introduce the L 2 projection:
This condition is too weak for our Problem, which involves ∇w. We make the further assumption that the restriction P W W = 0, and is H 1 -stable, i.e., there exists a positive constant c, such that for all w ∈ W :
With a slight abuse of notation we use P W instead of P W W . We assume that this stability property holds uniformly on T h (Ω) and T h (Ω f ), provided that the mesh size h is comparable on the two domains. A proof of the H 1 -stability is available in [14] for a particular choice of discretization spaces. A general result for all non-matching grids is still not available.
To discretize Problem 3, we first reformulate the weak non-slip condition 11: for every
As in the continuous case, we study the inf − sup conditions after defining the following space:
equipped with the norm · V , and the operators:
Following Subsection 2.2, Problem 4 is well-posed, and there exists a unique solution if there exist two positive constants
These conditions can be proved modifying Propositions 2.1 and 2.2:
There exists a constant α 3 > 0, independent of h, such that:
Proof. The proof is similar to the one of proposition 2.1; using the definition of the norm in Q h , and the fact that it is the same space of W h with a different norm, for every q h ∈ Q h :
For every v h ∈ V h we have P W v h ∈ W h , using Inequality 25:
To study the ell − ker condition on F h we define:
Proposition 2.4. Assume C Ω and C f to be strongly elliptical with constants c Ω and c f respectively such that c Ω > c f > 0; there exists a constant α 4 > 0, independent of h, such that:
Proof. Mutatis mutandis, the proof follows the one of Proposition 2.2.
Error estimate. Proposition 2.1 and 2.2 allow us to apply Theorem 5.2.5 of [7] , obtaining the following error estimate:
Theorem 2.1. Consider C Ω and C f , elastic stress tensors satisfying the hypothesis of Proposition 2.2, the domains Ω and Ω f with the regularity required in Section 2, and
Then the following error estimate holds for (u, w), solution of Problem 3, and (u h , w h ), solution of Problem 4:
where C e > 0, and depends on α 3 , α 4 , c Ω , c f and the norm of the operators ||K Ω + K f ||.
We remark how this constant C e depends on α 3 , which is affected by the coupling between the two meshes. As intuition suggests, the quality of the solution does not depend only the on the ability of V and W to individually describe it, but also on the coupling between them.
Non-matching meshes. One of the basic assumptions made in the continuous case is the inclusion:
With an independent discretization of the two meshes the inclusion W h ⊂ V h can not be guaranteed, leading to the use of the projection
is small, the inf − sup constant can be negatively affected; the extreme case being P W = 0, which results in ker(E h ) = {(0, 0)}, and the inf − sup condition for F h not satisfied.
Under some simple construction hypotheses it is possible to guarantee that globally constant and linear functions are included in the kernel, so that ker(E) = {(0, 0)}. This is sufficient to for the inf − sup condition to hold, but the constant α 3 might become very small, affecting the constant C e used for Inequality 29, and resulting in a high error for the method. 12
Thin fibers
The computational cost of discretizing explicitly numerous three-dimensional fibers might render Problem 4 too computationally intensive: a possible simplification is suggested by the fiber shape, which can be approximated with a one-dimensional structure. Constructing this simplified model is a non-trivial task because the restriction (or trace) of a three-dimensional function to a one-dimensional domain is not well defined in Sobolev spaces.
Instead of resorting to weighted Sobolev spaces and graded meshes, as done in [12, 11] , the solution we propose is to introduce additional modellistic hypotheses, that allow one to use averaging techniques instead of traces to render the problem well posed.
To simplify the exposition, we shall consider a single fiber; the same results hold with a finite collection of fibers.
We begin introducing some definitions: let Γ be a one-dimensional connected domain, embedded in Ω, let I ⊂ R be a finite interval and X : I → Γ be a parametrization of Γ. We assume the Frenet trihedron (t t t(s), n n n(s), b b b(s)) to be well defined for every s ∈ I, at every point X(s) ∈ Γ, and the function s → (t t t(s), n n n(s), b b b(s)) to be continuous. Sufficient conditions to satisfy these hypotheses are well-known in literature, e.g., using a regular smooth curve.
Given a constant radius a ∈ R, a > 0, the physical fiber Ω a is described by a tubular neighbourhood of Γ:
where we assume Ω a ⊂ Ω. For all x ∈ Γ, we define D a (x) as the two-dimensional disk perpendicular to Γ, with radius a, centered at x:
Remark. Under the previous hypotheses, there exists a diffeomorphism Φ of Ω to another domain Θ, such that Φ(Ω a ) is a cylinder of radius a, with Γ transformed in a straight segment, the cylinder's axis. To avoid a heavy notation, requiring multiple uses of Φ and Φ −1 , we prove our results on Φ(Ω a ), with coordinates (x, y, z), where x is aligned with the fiber direction.
We now modify the definitions of Section 2, for the boundaries of ∂Ω a :
As a reference model, we consider small deformations of an FRM in which fibers are stiff compared to the underlying matrix. For this model, the fiber radius can be considered to be approximately constant:
First modellistic hypothesis: fixed radius. We assume the fiber's radius a to remain constant. This implies that the fiber displacement w is an element ofŴ , where:
W := {w ∈ W : for a.e. x ∈ Γ, w Da(x) ≡ w(x) a.e. on D a (x)}.
It is useful to introduce the space of functions of V which, restricted to Ω a , belong toŴ :V := {v ∈ V : v Ωa ∈Ŵ }.
Givenŵ ∈Ŵ , Equation 31 suggests to define the one-dimensional function x → w(x) = w(x, 0, 0) for a. e. x ∈ Γ; a consequence of the absolutely continuous characterization of Sobolev functions [16] is thatŵ ∈ H 1 0,Be (Γ). This suggests the following definition:
Notice that W Γ andŴ are isomorphic: we can look for a one-dimensional solution w ∈ W Γ . Since w ∈Ŵ is constant over every disk D a (x), so is the gradient ∇w: the elastic stress can be computed using only the values along Γ:
Second modellistic hypothesis: average non-slip condition. Let u ∈ V , we define the following function for a.e. x ∈ Γ:
withū ∈ W Γ (for the technical proof see Appendix A), and the following average non-slip condition can be formulated:ū = w.
When considering w ∈Ŵ , u ∈V , the classic non-slip condition, described in Equation 8, is equivalent to Equation 35 . As a second modellistic hypothesis we assume that the average non-slip condition can replace the non-slip condition.
Problem formulation
We assume the Modellistic Hypotheses described in the previous section hold:
• the fiber displacement w is contained inŴ (we shall use W Γ , since it is isomorphic toŴ ),
• we can impose the coupling between fibers and elastic matrix through the average non-slip condition .
This allows us to modify Problem 3 for the 3D − 1D case; the weak formulation of the average non-slip constraint on Γ is:
we define the energy functional of our problem as:
Then the saddle point problem becomes:
Using the Euler-Lagrange equations as in Section 2.1, we obtain:
We now re-define the space V := V × W Γ , and its norm: for every (v, y) ∈ V, (v, y) V := · V + · WΓ . We define the operators for the tubular fiber Ω a :
obtaining a new saddle-point problem, which we study using the inf − sup conditions. 3.2. Well-posedness, existence and uniqueness Proposition 3.1. There exists a constant α 5 > 0 such that:
Proof. Using the definition of the norm in Q Γ , and the density of W Γ in Q Γ , for every q ∈ Q Γ :
, where the last inequality can be proven fixing v = 0. Since v ∈V , we can use Equality 33 on its restriction:
.
SinceV ⊂ V , we can control the supV with sup V , and conclude in a similar manner to Proposition 2.2.
Define the kernel of E T :
Proposition 3.2. Assume C Ω and C f to be strongly elliptical, with constants c Ω and c f respectively such that c Ω > c f > 0; there exists a constant α 6 > 0 such that:
Proof. For every (u, w) ∈ ker(E h ):
The result is obtained dividing and considering the inf (u,w)∈ker E T .
Using the saddle point theory we conclude that, under our modellistic assumptions, Problem 5 is well-posed, and has a unique solution.
Finite element discretization
The discretization of Problem 5 for thin fibers follows the steps of Section 2.3, on the domains Ω and Γ (the fiber's one-dimensional core). Consider two independent discretizations for these domains; the family T h (Ω) of regular meshes in Ω, and a family T h (Γ) of regular meshes in Γ. We assume no geometrical error is committed when meshing.
We consider two independent finite element discretizations V h ⊂ V, W h ⊂ W Γ and define the space Q h as the space W h with the L 2 (Γ) norm. We can now write the discretization of Problem 5:
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To study the saddle-point problem we define the Hilbert space V h := V h × W h , with its norm, and the operators
Then we can rewrite problem 6 in operatorial form, showing its saddle-point structure: find u u u h ∈ V h , λ h ∈ Q h such that:
Since standard finite element functions are continuous, it is possible to directly consider their restriction to Γ. Define the
Consider now the restriction P WΓ WΓ (with a slight abuse of notation we call it P WΓ ); we make the additional assumption that P WΓ is H 1 -stable, that is there exists a positive constant c, such that for all w ∈ W Γ :
If we are considering a family of triangulations, then let c be a constant such that the last inequality holds true for all considered triangulations. Proposition 3.3. There exists a constant α 7 > 0, independent of h, such that:
Proof. This is a variation on the proof of Proposition 3.1; using the definition of the norm in Q h , and the fact that it is the same space of W h with a different norm, for every q h ∈ Q h :
where c is the one of inequality 40. For every v h ∈ V h we have P WΓ v h ∈ W h ; by Inequality 40:
, and we conclude as in Proposition 2.1.
To study the inf-sup condition for F T,h define:
Proposition 3.4. Assume C Ω and C f to be strongly elliptical, with constants c Ω and c f respectively such that c Ω > c f > 0; then there exists a constant α 8 > 0, independent of h, such that:
Proof. The proof is almost identical to the one of proposition 3.2.
One-Dimensional Approximation. The approach of Section 3 hides a computational difficulty: given v h ∈ V h , the averagev h is obtained computing a number of two-dimensional integrals, nullifying the computational advantage of using one-dimensional fibers.
Since we are using finite element functions, there is a straight-forward solution to this problem: approximatev h with the restriction v h Γ . This approximation is exact for every v h ∈V , and can be justified by the fact that for every v h ∈ V h :
for every x ∈ Γ, coherently with the initial choice ofv h as a "substitute" of v h . While this approach simplifies our computations, it makes difficult the derivation of a formula for the error committed. The theoretical basis for such an estimate have been described in this paper, the estimate itself shall be the subject of future work.
Numerical validation
The analytical solution of Problems 3 and 5, even for simple configurations, is nontrivial: we chose some FRMs structures which are studied in literature, and used the known approximated solutions as a comparison for our model.
Using the deal.II library [3, 4, 35, 48] , and the deal.II step-60 tutorial [32] we developed a model for thin fibers proposed in Section 3, and compared it with the Rule of Mixtures and the Halpin-Tsai configurations in some pull/push tests.
Numerical Setting. For our numerical solution, we now describe how to solve Problem 6 on a collection of fibers, while reducing the system size; we begin by redefining our spaces and meshes:
• Ω: the elastic matrix, on which we build the finite element space, of dimension N ∈ N:
• Γ ⊂ Ω: the collection of n f ∈ N fibers, i.e., Γ := n f k=1 Γ k , with the finite element discretization, of dimension M ∈ N::
• Q h : the space of the Lagrange multiplier, discretized using the same base of W h .
We use i, j as indices for the space V h and a, b as indices for the space W h , and assume all hypotheses on spaces and meshes of section 3.3 are satisfied. We assume that each fiber is parametrized by X k : I k → Γ k , where I k is a finite interval in R, and 1 ≤ k ≤ n f . We assume for any 1 ≤ j < k ≤ n f we have I k ∩ I k = ∅. Then we can define X : n f k=1 I k → Γ, which parametrizes all fibers contained in Γ. For each fiber Γ k we define its tubular neighborhood Ω a,k as in 30, and we define
We define the following sparse matrices:
Here B is the coupling matrix from V h to W h , M the mass-matrix of W h . After defining the vector g i := (b, v i ) Ω , Problem 6 can be expressed in matrix form as:
This system has size N M 2 : computationally it is convenient to reduce its size. From the second line of the Block Matrix 42:
Then System 42 becomes:
We remove w using the equation Bu = M w ⇒ w = M −1 Bu and obtaining:
Boundary conditions are imposed weakly, using Nitsche method (as in [46] ).
Model description
The elastic matrix we consider in our tests is the unitary cube Ω := [0, 1] 3 . All considered meshes are only uniformly refined hexaedral meshes, and we use only linear finite elements.
The elastic tensors used are described in Equations 22 − 24; for the model description we use the following parameters: 19
• r Ω : global refinements of the Ω mesh.
• r Γ : global refinements of the Γ mesh.
• λ Ω , µ Ω : Lamé parameters for the elastic matrix.
• λ f , µ f : Lamé parameters for the fibers.
• β: fiber volume ratio or representative volume element (RVE), i.e., β = |Ω f |/|Ω|.
• a: the radius of the fibers.
For the boundary conditions we refer to Figure 3b .
Homogeneous fibers
In our first test we consider a unidirectional composite, where fibers are uniform in properties and diameter, continuous, and parallel throughout the composite Ω (see Figure 3a) .
We compare the results obtained with our model with the ones obtained using the Rule of Mixtures [18, 2] , which agrees with experimental tests especially for tensile loads, and when the fiber ratio β is small.
The composite stress-strain equation, under the condition u Ω f = w, is:
Using the Rule of Mixtures we can approximate the integral over Ω a with one over Ω:
obtaining:
Multiple tests were run, keeping β constant, while increasing the fiber density and reducing the fiber diameter; we expect this process to render the coupled model solution increasingly close to the homogenized one. Comparing solutions. Figures 4a and 4b illustrate the influence of Ω's refinement on the final result, when using few fibers on a pull test. Stiff fibers oppose being stretched, deforming the elastic matrix Ω through the non-slip condition: near each fiber, the deformation of Ω should be symmetrical, resembling a cone. This effect is better described in Figure 4b , where the higher value of r Ω results in greater geometrical flexibility of the elastic matrix, allowing a better description of the effect of each fiber. Lower values of r Ω result in a non symmetrical solution, as in Figure 4a . The lower geometrical flexibility results in an "averaged" solution which, in the case of few fibers, is closer to the homogenized model.
Pull test along fibers. Dirichlet homogeneous conditions is applied to face 0, Neumann homogeneous conditions is applied to faces 2, 3, 4, 5. In the Push Test, the Neumann condition 0.05 is applied to face 1. For the Pull Test, the value −0.05 is applied to the same face. Boundary conditions are applied only to ∂Ω; the fibers interact through the coupling with the elastic matrix.
We report here only data from pull tests, as push tests gave comparable results. The use of the projection matrix P Γ : V h → W h , and the error estimate for the fully three-dimensional case (Inequality 29), both suggest that the solution quality on the elastic matrix depends on both V h and W h . This is apparent in Figure 5a , where for r Γ = 1 the mesh of Γ is unable to describe the stretch of the material, resulting in the error remaining approximately constant after a certain fiber density is reached. A similar behaviour emerges in the case r Γ = 2.
In a similar manner Figure 5b shows that refining only the elastic matrix does not improve the solution quality: as the number of fibers increases, the error converges to approximately the same value, which is limited by r Γ . Figure 6 shows an error comparison as the value of µ F varies: as expected our model is better suited for stiff fibers. We distribute small fibers at a random point of Ω, with a random direction parallel to the < x, y > plane; the fibers share the same size and properties. If a fiber surpasses the edge of Ω, it is cut.
For more details on the algorithm used to distribute the fibers see the Random Sequential Adsorption algorithm [42] ; our implementation generates only the plane angle, and does not implement an intersection-avoidance mechanism.
As a comparison model, we estimate the material parameters using the empirical Halpin-Tsai equations (see [17] , or appendix Appendix B), and compare the results of pull-tests as done in the previous section.
Our test setting runs on the unitary cube, with a fiber ratio β = 0.135 and a fiber aspect ratio of l 2r ≈ 10, where l is the fiber's length and r is the fiber's radius; the values used are described in Table 1 .
We could not find an exact estimate of the error convergence, but we expect the solution to improve as the number of fibers increases because:
• the fiber radius a reduces, improving of the average non-slip condition,
• more fibers result in a more homogeneous material on the planes parallel to the < x, y > plane. 23 Following [42] , we consider a short fiber E-glass/urethane composite: the fiber and matrix Young's modulus are, respectively, E f = 70GP a and E m = 3GP a, while the Poisson ratios are ν f = 0.2 and ν m = 0.38. These values were the converted to the Lamé parameters using the classic formulas for hyper elastic materials.
The predicted parameters for the composite are: E C = 2.20GP a and ν C = 0.38GP a; these are slightly different from [42] because, in the Halpin-Tsai equations, l/d was used instead of 2l/d, see Appendix B. The boundary conditions used for the pull tests are the same of Paragraph 4.2.
We limit the global refinements of Γ, in order to obtain cells of approximately the same size on both Ω and the fibers. The results are shown in Figure 8 : as the number of fiber increases the error reduces, but because the random fiber model is more complex than the homogeneous one, the final error achieved is higher than the one reached in the previous test.
Conclusions
Starting from a linearly elastic description of bi-phasic materials, we derive a new formulation for fiber reinforced materials where independent meshes are used to discretize the fibers and the elastic matrix, and the copling between the two phases is obtained via a distributed Lagrange multiplier.
We prove existence and uniqueness of a solution for the final saddle point problem, and we analyze a simplified model where fibers are discretised as one-dimensional.
The model is validated against the Rule of Mixtures and the Hapin-Tsai equations, where we test our discretisation with uniform and random distributions of fibers. The true benefit of our model, however, lies in the possibility to tackle complex and intricated fiber structures independently from the background elastic matrix discretization, opening the way to the efficient simulation of complex multi-phase materials.
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From the numerical analysis point of view, there are some issues that deserve further development, such as studying the effects of the operator B on the final error, finding better preconditioners for the final system, and exploring different coupling operators for the one dimensional coupling operator.
The formulation of our method makes it particularly suited for extensions to more complex situations, e.g., three-phasic materials, or materials where no-slip is replaced by other, more realistic conditions.
Appendix B. Halpin-Tsai equations
We report here the Halpin-Tsai equations for longitudinal moduli, as described in [2] . The fibers have length l, diameter d, the fiber and the matrix Young moduli are E f and E m respectively, β is the volume fraction occupied by the fibers.
We define two empirical constants:
This allows to compute the longitudinal and transverse moduli for aligned short fibers:
3)
If fibers are randomly oriented in a plane the following equations can be used to predict the elastic modulus:
Since a random fiber composite is considered isotropic in its plane, the Poisson's ratio can be calculated as:
The properties of this composite do not depend directly on the fiber length or radius, but on the aspect ratio l/d.
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